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Abstract
Let I1; : : : ; Ig be m-primary ideals in a local ring (R;m). Set R[It]:=R[I1t1; : : : ; Igtg] and M=
(m; I1t1; : : : ; Igtg). In this paper we show that if R is a Cohen{Macaulay (CM) local ring of
dimension greater than two and if R[It]M is CM with minimal multiplicity, then g=1. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: 13A30; 13D40; 13H15
1. Introduction
The objective of this paper is to investigate the minimal multiplicity property of
multigraded Cohen{Macaulay Rees algebras of zero-dimensional ideals in a CM local
ring.
Throughout this paper we will assume that (R;m) is a local ring of positive di-
mension with innite residue eld. Let I1; : : : ; Ig be ideals of positive height in R
and let t1; : : : ; tg be indeterminates. The multigraded Rees algebra of R with respect
to I1; : : : ; Ig is a subring of R[t1; : : : ; tg] denoted by R[I1t1; : : : ; Igtg] and is dened asL
ri2N(I1t1)
r1    (Igtg)rg . Here N denotes the set of non-negative integers. We will use
the notation introduced by Herrmann et al. in [3]. The multigraded Rees algebra will
be denoted by R[It]. Let M=(m; I1t1; : : : ; Igtg) denote the maximal homogeneous ideal
of R[It].
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It is well known that for a CM local ring (R;m); e(m)  (m)−dim R+1 [1], where
e(m) denotes the multiplicity of m and (m) is the minimal number of generators of
m. A CM local ring is said to have minimal multiplicity if equality holds.
Minimal multiplicity of the Rees algebra of one ideal has been extensively studied
in the past. In 1988, Huneke and Sally showed that if I is a complete ideal in a
two-dimensional regular local ring R, then R[It]M is CM with minimal multiplicity [4,
Theorem 3.2]. This result was generalized by Verma in 1991. He obtained necessary
and sucient conditions for the Rees algebra of an m-primary ideal in a CM local ring
of dimension two to be CM with minimal multiplicity [14, Theorem 3.2]. This result
was further generalized to equimultiple CM ideals of positive height in CM local rings
of dimension greater than one [2].
Minimal multiplicity of multigraded Rees algebras of m-primary ideals in a CM
local ring of dimension two was rst studied by Verma in [14,15] and later by
Herrmann et al. in [3]. In [14, Theorem 3.1], sucient conditions were obtained
for the minimal multiplicity of R[It]M. A similar result was obtained by Herrmann
et al. Infact, they also gave necessary conditions under the extra assumption that
R[Ijtj] is CM for all j = 1; : : : ; g. In this paper we prove the converse of Theo-
rem 3.1 in [14, (Theorem 3.1)]. It is not dicult to see that [3, Theorem 5:4, Corollary
5:6] follow from [14, Theorem 3.1] and Theorem 3.1.
In this paper we also show that if R is a CM local ring of dimension d  3 and
if g  2, the R[It]M is not CM with minimal multiplicity (Theorem 3.2). This result
was proved in [3] under some extra assumptions [3, Theorem 5:8, Corollaries 5:9{5:11,
Proposition 5:12].
Our approach here is as follows. We give an estimate on the number of generators
of the maximal ideal of R[It]M. To attain this, we need an estimate on the number of
generators of a CM ideal in terms of a certain mixed multiplicity (Theorem 2.1).
2. Preliminaries
An ideal J  I is a reduction of I if there exists a positive integer r such that
JI r = I r+1 [6]. The ideal J is called a minimal reduction of I if J is minimal with
respect to inclusion among all reductions of I . If R=m is innite, then any minimal
reduction of I is generated by a(I) elements, where a(I) = dim
L
n0(I
n=I nm) is
called the analytic spread of I [6]. For an ideal I in R; ht I  a(I)  dim R [7]. If
J is a reduction of I , then the reduction number of I with respect to J is dened
to be
rJ (I) = minfn  0 j JIn = I n+1g:
The reduction number of I is dened to be
r(I) = minfrJ (I) j J is a minimal reduction of Ig:
Let I1; : : : ; Ig be m-primary ideals in local ring R of dimension d. Then for r1; : : : ; rg
large, ‘R(I
r1
1 I
r2
2    I rgg =I r1+11 I r22    I rgg ) is a polynomial of degree d−1 and can be written
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in the form
X
q1++qg=d−1
e(I [q1+1]1 jI [q2]2    jI [qg]g )

r1 + q1
q1

  

rg + qg
qg

+lower degree terms;
where e(I [q1+1]1 j    jI [qg]g ) are positive integers and they are called the mixed multipli-
cities of the set of ideals (I1; : : : ; Ig) [11]. For g= 2, we will use the notation
eq(I1 j I2) = e(I [d−q]1 I [q]2 ):
Rees introduced joint reductions in order to understand mixed multiplicities [8]. Let
I1; : : : ; Id be m-primary ideals. A set of elements x1; : : : ; xd is called a joint reduction
of I1; : : : ; Id if xi 2 Ii for i = 1; : : : ; d and there exists a positive integer n so that2
4 dX
j=1
xjI1    I^ j    Id
3
5 (I1    Id)n−1 = (I1    Id)n:
Rees showed that if R=m is innite then joint reductions exist [8].
In the next theorem we give an estimate on the number of generators of m-primary
ideals in a CM local ring. This will be used in Section 3 to give an estimate on the
number of generators of the maximal ideal of R[It]M.
Theorem 2.1. Let (R;m) be a CM local ring of positive dimension d. Let I be an
m-primary ideal of R. Then
(I)  ed−1(m j I) + d− 1:
Proof. We induct on d. The case d=1 has been proved by Sally [10, p. 49]. If d> 1;
then there exists a nonzero divisor y 2 I and a positive integer s0 so that for s  s0
and for all r  0,
yR \mrI s = ymrI s−1
[8, Lemma 1:2]. Let \-" denote the image in R=R=yR. Then ed−2( m j I)= ed−1(m j I)
[5, Lemma 2:5]. By induction hypothesis
(I) = ( I) + 1  ed−2( m j I) + d− 1 = ed−1(m j I) + d− 1:
It is possible to give a lower bound on mixed multiplicities in terms of multiplicity
of a certain ideal in R. The next lemma will be used in the proof of the main theorem.
Lemma 2.2. Let (R;m) be a local ring and let I1; : : : ; Ig be m-primary ideals of R.
Then for all nonnegative integers q1; : : : ; qg; q1 +   + qg = d− 1,
e(I [q1+1]1 jI [q2]2 j    jI [qg]g )  e(I1 +   + Ig)  1:
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Proof. Since I1; : : : ; Ig are m-primary, by Rees interpretation of mixed multiplicities,
there exists a joint reduction x1; : : : ; xd of q1 + 1 copies of I1; q2 copies of I2; : : : ; qg
copies of Ig, such that e(x1; : : : ; xd) = e(I
[q1+1]
1 jI [q2]2 j    jI [qg]g ). Since (x1; : : : ; xd) I1 +
  + Ig; e(x1; : : : ; xd)  e(I1 +   + Ig).
3. Rees algebras with minimal multiplicity
In this section we prove our main results. We rst state a few facts on Rees algebras.
Let I1; : : : ; Ig be m-primary ideals in a local ring (R;m) of dimension d. By a result
of Valla dim R[It]M=d+g [12]. Notice that e(MR[It]M)=e(M) and (MR[It]M)=
(M). Hence, if R[It]M is CM with minimal multiplicity, then e(M)=(M)−(d+g)
+ 1.
Since M=(m; I1t1; : : : ; Igtg) and M2=(m2;mIjtj(1  j  g); IiIjtitj(1  i  j  g)),
(M) = (m) +
gX
j=1
(Ij): (1)
We state the formula for e(M) [15, Theorem 1:4]:
e(M) =
X
q0+q1++qg=d−1
e(m[q0+1]jI [q1]1 j    jI [qg]g ): (2)
In 1991, Verma gave sucient conditions for the multigraded Rees algebra to be
CM with minimal multiplicity [14, Theorem 3.1]. In this paper we prove that these
conditions are necessary also.
Theorem 3.1. Let (R;m) be a CM local ring of dimension two. Let I0 =m; I1; : : : ; Ig
be m-primary ideals in R. Suppose R[It]M is CM with minimal multiplicity. Then (i)
R has minimal multiplicity; (ii) for all j=1; : : : g; r(Ij)  1; and (Ij) = e1(mjIj) + 1.
Proof. Suppose R[It]M is CM with minimal multiplicity. Since the residue elds of
R and R[It]M are innite and R[It]M is CM with minimal multiplicity, JM =M
2
[9, Theorem 1]. Let K be a minimal reduction of m. Then J = (K; I1t1; : : : ; Igtg) is
a reduction of M. Comparing the graded pieces of JM and M2 we get Km = m2.
Hence R has minimal multiplicity [9, Theorem 1]. Repeating the above argument one
can show that r(Ij)  1 (1  j  g). Since e(M) = (M) − (2 + g) + 1, by (2) and
(1) we get
e(m) +
gX
j=1
e1(mjIj) = (m) +
gX
j=1
(Ij)− (2 + g) + 1;
 e(m) +
gX
j=1
e1(mjIj) [by Theorem 2:1]: (3)
Thus, equality hold in (3). This gives (Ij) = e1(mjIj) + 1 for all j = 1; : : : ; g.
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We now prove the main result of this paper.
Theorem 3.2. Let I1; : : : ; Ig be m-primary ideals in a CM local ring (R;m) of dimen-
sion greater than two. If R[It]M is CM with minimal multiplicity; then g= 1.
Proof. Let d= dim R. By (2) we have
e(M) = e(m) +
gX
j=1
ed−1(mjIj)
+
X
q0+q1++qg=d−1
qi 6=d−1;0ig
e(m[q0+1]jI [q1]1 j    jI [qg]g );
 e(m) +
gX
j=1
ed−1(mjIj) +

g+ d− 1
d− 1

− (g+ 1)

[by Lemma 2:2]:
(4)
By (1) and Theorem 2.1 we have
(M)− (d+ g) + 1 = (m) +
gX
j=1
(Ij)− (d+ g) + 1;
 e(m) +
gX
j=1
ed−1(mjIj) + g(d− 2): (5)
Since R[It]M is CM with minimal multiplicity, e(M)=(M)− (d+ g)+1 and hence
by (4) and (5)
g+ d− 1
d− 1

− (g+ 1)  g(d− 2); i:e:;

g+ d− 1
d− 1

− g(d− 1)− 1  0:
We will prove by induction on g and d that the above inequality does not hold true
if g > 1. If d= 3, then
g+ 2
2

− 2g− 1 =

g
2

> 0 since g  2:
If g= 2, then
d+ 1
2

− 2(d− 1)− 1 = d(d− 3) + 2
2
> 0 since d  3:
If d  4 and g  3, then by induction hypothesis
g+ d− 1
d− 1

=

g+ d− 2
d− 1

+

g+ d− 2
d− 2

;
> (g− 1)(d− 1) + 1 + g(d− 2) + 1;
= g(d− 1) + (g− 1)(d− 2) + 1;
> g(d− 1) + 1:
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The next corollary has been proved by Verma. Here we give a short proof. The
author is grateful to the referee for his suggestion.
Corollary 3.3 (Verma [13, Theorem 3:4]). Let (R;m) be a CM local ring of dimen-
sion greater than two and let r be any natural number. Then R[mrt]M is CM with
minimal multiplicity if and only if R is a regular local ring and r = 1.
Proof. Let d=dim R. Suppose R[mrt]M is CM with minimal multiplicity. Then e(M)=
(M)− d. Hence,
e(m) + ed−1(mjmr) + d− 2 e(m) + e1(mjmr) +   + ed−1(mjmr);
= e(M) [Put g= 1 in (4)];
= (M)− d;
 e(m) + ed−1(mjmr) + d− 2 [Put g= 1 in (5)]:
It follows that 1 = e1(mjmr) = re1(mjm) = re(m). This is possible only if r = 1 and
e(m) = 1. Conversely, since R is a regular local ring, R[mt] is CM [12]. It is easy to
see that e(M) = (M)− d.
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